Multi-component seismic data contain richer information about the elastic parameters of the subsurface than do conventional single-component data. Separation of the compressional and shear wavefields from multi-component seismic data is crucial in estimating the subsurface elastic properties. We present a τ − p domain scheme to separate P-and SV-wavefields from multi-component seismic data observed at the free surface and ocean bottom. Based on planewave components with known horizontal slowness in τ − p domain, the whole P-and SVwavefields are separated into the direction of observed P-and SV-wave oscillations, by rotation of the horizontal and vertical components respectively. The incident P-and SV-waves are extracted from the separated wavefields using plane wave partitions at the free surface and ocean bottom. The parameters used in the separation are the local seismic wave velocities and the density at the receiver location. Numerical tests on synthetic data for plane-layered models show good performance and accuracy of the scheme.
I N T R O D U C T I O N
In recent years, there has been an increasing interest in the acquisition and analysis of shear-wave seismic data. Joint analysis of P-and SV-wave data provides important information on subsurface parameters such as lithology, porosity, pore-fluid, fracturing and anisotropy. This has subsequently led to an expansion of multicomponent seismic data acquisition and analysis (e.g. Tatham & McCormack 1993) . In the marine environment, P-to-SV converted waves (or C-waves) have been used to estimate subsurface parameters and produce seismic images, especially for regions that are difficult to image using conventional P-wave data such as imaging through gas clouds (Zhu et al. 1999) . Multi-component OBC (Ocean Bottom Cable) observations can be used to record the converted shear-waves (Caldwell 1999) .
In multi-component seismic data, both P-and SV-waves are recorded in each geophone component. Separation of P-and SVwavefields, and obtaining the primary P-and SV-wave responses is one of the main steps in multi-component data processing. Helbig & Mesdag (1982) proposed a method to perform the wavefield separation based on a motion product in the time-space domain. Using the signs of the motion products of P-and SV-waves, the wavefield is separated from the horizontal and vertical traces recorded at an individual receiver. This method needs no true amplitudes, and is er- * Now at: Department of Geophysics, Peking University, Beijing 100871, China.
roneous if P-and SV-arrivals are coincident at the receiver or if either the horizontal or vertical component is zero. Tatham et al. (1983) and Tatham & Goolsbee (1984) separated P-and SV-wavefields based on apparent slowness in the τ − p domain from either the horizontal or vertical component. The separation was tested with a physical model experiment and applied to offshore data. Dankbaar (1985) developed a method using a P/SV-separation filter determined from the near-surface wave velocity and the geometry of the geophone groups. This method is applied in the frequency-wavenumber domain to recordings made at the free surface, and gives the true amplitude of the separated passing wavefields. A τ − p domain approach to separate P-and SV-wavefields based on the dot product between the signal vector and the slowness vector together with an converse rotation operator in frequency-slowness space was devised by Greenhalgh et al. (1990) . This approach was applied to isolate either P-or SV-waves from both synthetic data and physical model data recorded at the free surface. Wapenaar et al. (1990) presented a wave-theoretical method in the frequency-wavenumber domain to decompose multi-component surface seismic data into primary P-and SV-wave responses. A wave-equation based method in the frequency-wavenumber domain was presented by Amundsen & Reitan (1995) to decompose ocean bottom multi-component data into upgoing and downgoing P-and S-waves. Jin et al. (1998) discussed a wave-equation based decomposition method for surface multi-component data in which the pure P-and SV-waves can be decomposed by revising the vertical and horizontal component, respectively.
We present a scheme for wavefield separation in the τ − p domain based on wavefield rotation. The incident waves can be treated as plane-wave components with constant incident angles and hence constant horizontal slownesses in the τ − p domain (Chapman 1981; McCowan & Brysk 1989) . Based on plane wave decomposition in the τ − p domain, the whole P-and SV-wavefields are separated into the direction of observed P-and SV-wave oscillation by rotating the horizontal and vertical component respectively. The separated P-and SV-wavefields are the total response of the incident P-and SV-waves: a composite of the incident P-and SV-waves and the scattering at the free surface or the ocean bottom. By applying the wave velocities and density at the locations of receivers, the incident wavefields can be extracted from the plane wave partition. Greenhalgh et al. (1990) used the dot product between the signal vector and the slowness vector during data transformation from the time-space domain to the τ − p domain. However, the dot product was applied to P-and SV-waves separately, and a converse rotation operator was used to eliminate the energy leakage occurring during the separation. In our scheme, the apparent incident angles of Pand SV-waves are used simultaneously; the two wavefields are separated completely in a single step calculation. Energy leakage does not occur and the amplitude of both wavefields are preserved. We present the scheme for multi-component seismic data recorded at the free surface and ocean bottom, and show numerical tests using synthetic data for plane-layered models.
In Sections 2 and 3, we describe the scheme for the separation and extraction of the incident wavefields. We show numerical tests with synthetic multi-component data recorded at the free surface and ocean bottom in Section 4.
S E P A R A T I O N O F P -A N D SV-W A V E F I E L D S
We consider an elastic and isotropic medium, and define the three components of particle motion at one single receiver as u x (t, x), u y (t, x) and u z (t, x) in Cartesian coordinates, with positive z downward, where x is source-receiver offset and t is time. In an isotropic medium, the SH-wave is polarized in the anti-plane (y) direction, while P-and SV-waves are polarized in the x − z plane and coupled to each other. The SH-wave is recorded only on the u y component, but P-and SV-waves are recorded on both u x and u z components. We separate P-and SV-wavefields from the two in-plane components u x and u z as shown in Fig. 1. 
Separation scheme
When plane P-and SV-waves arrive simultaneously at the receiver with incident angle θ p and θ s as shown in Fig. 1 , the whole responses are recorded on u x and u z . Defining the oscillation observed on the free surface or the ocean bottom as u r for pure P-wave and u t for pure SV-wave incidence, the relations between u x , u z and u r , u t can be written as
where θ p and θ s are the apparent incident angles of P-and SV-waves.
From the above equation, we obtain u r and u t from the recorded u x and u z as This equation is in the t − x domain. If the following τ − p transformation is performed to both sides of it,
where t = τ + px, p = dt/dx, it is easy to see that the relations between u r , u t and u x , u z are in the same form in the τ − p domain as eq. (2) in the t − x domain. The τ − p domain wavefield can be thought of as a series of plane-wave components with known incident angle for each p value. We define the horizontal and vertical slownesses corresponding to θ p and θ s as p p , q p for P-waves and p s , q s for SV-waves using the relations sinθ p = p p α, cosθ p = q p α, sinθ s = p s β, cosθ s = q s β, where α and β are the local P-and S-wave velocity at the location of the receiver. Then eq. (2) can be rewritten as
,
In the τ − p domain, u r and u t can be obtained from a rotation of u x and u z using eq. (4). Since the slowness p p , q p are the same for all P-waves and p s , q s the same for all SV-waves at a fixed horizontal slowness p value in the τ − p domain, the rotation separates the whole P-and SV-wavefields. After the separation, the total P-and SV-wave responses are given by the u r and u t components, respectively.
It can be verified that this rotation is valid for either single P-or SV-wave incidence as well as simultaneous arrival of both wavetypes. Consider a P-wave incidence with amplitude u r = u pr and u t = 0; the observed horizontal and vertical components are From eq. (4), we obtain the rotated components as u r = u pr and u t = 0. For an SV-wave incidence with amplitude u t = u st and u r = 0, the observed horizontal and vertical components are
We obtain the rotated components as u t = u st and u r = 0. When Pand SV-wave with amplitude u r = u pr and u t = u st arrive simultaneously at the receiver, the horizontal and vertical components are
The rotation gives the correct amplitudes of the completely separated P-and SV-waves as u r = u pr and u t = u st .
Slowness corresponding to θ p and θ s at the free surface
To apply the rotation (eq. 4) to observed data, it is necessary to know the slownesses p p and p s corresponding to the apparent incident angles θ p and θ s . For P-wave incident at the free surface as shown in Fig. 2 (a), p p can be calculated from the ratio of the horizontal and vertical component using
where
u p is the amplitude of the incident wave and p is the horizontal slowness. The vertical slownesses for P-and SV-waves are given by q α = α −2 − p 2 and q β = β −2 − p 2 , while Rṕp and Rṕs are the free surface reflection coefficients (see Appendix A).
Plane wave partitions at the free surface for (a) P-wave incidence, (b) SV-wave incidence, and at the ocean bottom for (c) upgoing P-wave incidence and (d) upgoing SV-wave incidence.
From eqs (8) and (9) and the relation q p = α −2 − p 2 p , p p for P-wave incidence is given by
Similarly, p s for SV-wave incidence at the free surface (Fig. 2b) is obtained as
2.3 Slowness corresponding to θ p and θ s at the ocean bottom
At the ocean bottom, the scattering for upgoing incident waves includes reflections from the seabed and transmission into the sea water (Figs 2c and d) . We adopt the following polarization analysis to estimate p p and p s . It can be identified on the τ − p domain seismograms that the first arrival of reflection is always a P-wave, while the SV-waves have larger amplitude at larger p values. A time window is applied to isolate each of these arrivals in turn. The total energy E P for the P-arrival and E SV for the SV-arrival are calculated within the time window by
where u xi , u zi , (i = 1, 2, . . . , n) are the time sequences of horizontal and vertical components in the window and θ is a rotation angle (u xi , u zi and n are different for the P-and SV-arrival). By maximizing the total energy, the horizontal and vertical slowness corresponding to the apparent incident angle can be estimated using
where X and Z are the time sequence vectors, (· is dot product) and p , q are p p , q p for the P-wave and p s , q s for the SV-wave.
S E P A R A T I O N O F I N C I D E N T P -A N D SV-W A V E F I E L D S
In last section, we showed that the whole P-and SV-wavefields are separated into the u r and u t component, respectively. The total response on the horizontal and vertical component for P-waves can be obtained by (Fig. 1) u r x = u r p p α, 
Taking account of the free-surface reflections (Figs 2a and b ) allows us to calculate the incident P-and SV-waves from either the horizontal or vertical component using
At the ocean bottom, the incident waves are calculated by considering the seabed reflections just below the sea-floor (Figs 2c  and d . The separated whole wavefields from Fig. 3(b) . The component u r is the total response of P-wave incidence, u t is the total response of SV-wave incidence. The seismograms are shown to the same amplitude scale as in Fig. 3 
where α and β are the sea-floor wave velocities, f α and f β are the vertical slownesses. The seabed reflection coefficients are given in Appendix A. 
N U M E R I C A L T E S T S W I T H S Y N T H E T I C M U L T I -C O M P O N E N T D A T A
In this section, the validity and accuracy of the separation scheme is tested with synthetic multi-component data at the free surface and the ocean bottom. The synthetic seismograms are calculated in the time-space domain with the reflectivity method (Fuchs & Müller 1971) , then transformed into τ − p domain by a frequency domain τ − p transformation (Korenaga et al. 1997; Singh et al. 1989; Harding 1985) .
Multi-component data at the free surface
The first model is a single layer over a half-space; the parameters of the model are given in Table 1 . An explosive point source and the receivers are located on the free surface. The source signal is a Ricker wavelet with peak frequency of 20 Hz. Offsets between the source and the receivers range from 0.02 km to 10 km with an interval of 0.02 km. The t − x domain synthetic seismograms are shown in Fig. 3(a) . The explosion source produces compressional waves in the layer, and reflectionsPṔ,PŚ from the reflector are recorded on both horizontal and vertical components. Weak multiple reflections within the layer such asPṔPṔ can also be seen. The τ − p domain seismograms shown in Fig. 3(b) are calculated for p values from 0.003 s km −1 to 0.5 s km −1 with an equal interval of 0.003 s km −1 . For reflectedPŚ-wave incidence at the free surface, the critical horizontal slowness value corresponding to the critical angle of incidence is given by
which is p cs = 0.5 s km −1 for this model. Beyond the critical value, a phase shift of π/2 between the horizontal and vertical component causes non-linearly polarized reflectionsPŚP from the surface. Since the separation scheme is based on linear polarization of plane waves, we should consider only waves of pre-critical incidence at the free surface. In Fig. 3(b) , the maximum p value considered is 0.5 s km −1 and all the waves on the τ − p domain seismograms are linearly polarized. The waveform variation with p is more clearly observed on the τ − p domain seismograms than in the t −x domain. The critical p value corresponding to the critical angle of incidence for the reflector is 0.36 s km −1 and phase and amplitude changes occur at this critical value. For p < 0.36 s km −1 , P-waves are mainly recorded on the u z component and SV-waves on the u x component. For p > 0.36 s km −1 , P-and SV-waves are strong on both u x and u z components. Large amplitudes for wide-angle reflectionsPṔ and PŚ are obvious for p over 0.36 s km −1 . To perform the separation, the slownesses p p and p s corresponding to the apparent incident angles forPṔ andPŚ are calculated from eqs (10) and (11) for each horizontal slowness. The values of p p and p s are then used in eq. (4) to separate the total response u r of P-waves and u t of SV-waves. The separated u r and u t from u x and u z in Fig. 3(b) are shown in Fig. 4 . Comparing Fig. 4 and Fig. 3(b) , it can be seen that thePṔ,PṔPṔ and multiples arriving as P-waves are separated completely to u r ,SŚ and multiples arriving as SV-waves to u t . The separation is successful over the whole p range for both near-offset and wide-angle reflections. The incident P-and SV-wavefields calculated from the whole responses u r and The separated whole wavefields from the results in Fig. 6(b) . u r is the total response of P-waves and u t is the total response of SV-waves. The seismograms are shown to the same amplitude scale as in Fig. 6 u t in Fig. 4 using eqs (14) , (15) and (16) are given in Fig. 5 , which shows the amplitude of each incident plane-wave component in the τ − p domain for each reflection. The second model is composed of two layers over a half-space. The parameters of the model are listed in Table 2 . The point source and the receivers are located on the free surface. The source signal, geometry of the source and receivers are the same as in model 1. The synthetic seismograms in t − x domain are shown in Fig. 6(a) . Strong reflectionsPṔ andPŚ from the first reflector,PPṔṔ,PPŚṔ, PPṔŚ,PPŚŚ,PSŚŚ from the second reflector and weak multiple reflections such asPPṔṔPṔ are seen on both horizontal and vertical components. The seismograms show a complicated pattern due to the interference and overlap of these arrivals. The τ − p domain seismograms are shown in Fig. 6(b) for p less than the critical value p cs = 0.5 s km −1 ; each reflection is better identified than in Fig. 6 (a) butPPṔṔ,PPŚṔ overlap withPŚ. The critical p values for the first and the second reflector are 0.4 s km −1 and 0.29 s km −1 , respectively. There are phase and amplitude changes at 0.4 s km −1 for reflections from the first reflector and at 0.29 s km −1 for those from the second reflector. All the reflections show large amplitudes beyond the critical values of the reflectors.
The slownesses P p and P s are calculated from eqs (10) and (11). The separated P-and SV-wavefields are given in Fig. 7 . It can be seen that all the P-waves and the SV-waves are completely separated. The overlappingPPṔṔ,PPŚṔ andPŚ are successfully separated on u r and u t . The near-offset and wide-angle reflections from both reflectors are separated and their amplitudes are enhanced.
Multi-component data at the ocean bottom
In the next example, we test the separation scheme with synthetic multi-component OBC data. Parameters of the model are given in Table 3 . A water layer of 0.5 km deep is added to simulate the ocean environment. The point source is 5 m below the water surface, the receivers are located at 0.5 km depth, just below the seabed. The source signal, the offsets between source and receivers are the same as used in models 1 and 2. The t − x domain seismograms are shown in Fig. 8(a) . The first arrivals are the direct waves and head waves propagating downward in the water. Multiple reflections in the water layer are not calculated because they are generally removed from real data. At the ocean bottom, efficient mode conversion from P-to SVwaves occurs, and both P-and SV-waves are transmitted down into the solid layer. StrongPSŚ andPSṔ reflections can be seen on both u x and u z components as well as thePPṔ andPPŚ reflections seen in the free surface examples. In a plane-layered medium, the upgoing reflectionsPPŚ andPSṔ arrive simultaneously at the seabed due to the same travel times, interfere with each other and are recorded as an interfered arrival. The mode conversion from P-to SV-waves is strong beyond the critical angle of incidence at the seabed, hence thè PSŚ andPSṔ reflections are recorded mainly at offsets over 2 km. Weak multiple reflections of P-and SV-waves produced within the solid layer can be seen arriving at long offsets afterPPṔ,PPŚ,PSŚ andPSṔ. The critical value of horizontal slowness corresponding to the critical angle of incidence at the seabed is 0.5 s km −1 . The τ − p domain seismograms for the pre-critical p range are shown in Fig. 8(b) . There are phase and amplitude changes at the critical value (0.36 s km ofPPṔ andPSŚ are large beyond 0.36 s km −1 on both u x and u z , while the amplitude ofPPŚ +PSṔ is small on u x due to interference. All multiples are observed for p > 0.36 s km −1 . For 0.5 < p < 0.67 s km −1 , the τ − p domain wavefields consist only of strongPSŚ reflections together with multiples from the converted SV-waves at the ocean bottom. The shear wavefields for this p range can be directly separated from the horizontal slowness such as discussed by Tatham et al. (1983) . Separation by our scheme is performed for p < 0.5 s km −1 where both P-and SV-waves are recorded. Since the source and the receivers are not located at the same level, to get the correct τ − p seismograms we apply an intercept time delay of
where D is the depth between the source and the receivers and q w is the vertical slowness in the water. ThePPṔ reflection is used to estimate the slowness p p for P-wavefields. For each p value, a time window in τ is applied to isolate thePPṔ-arrival and p p is calculated within this time window from eq. (13) and the relation between p p and q p . For SV-wavefields, thePSŚ reflection is used in the same way to calculate the slowness p s . The p p and p s are then used in eq. (4) to separate the whole wavefields.
The separated whole P-and SV-wavefields for p < 0.5 s km −1 are shown in Fig. 9 . A comparison between Fig. 9 and Fig. 8(b) shows thatPPṔ,PSṔ andPSŚ,PPŚ and the weak multiple reflections are successfully separated. The separation into u r and u t produces enhancement ofPPṔ,PSŚ and multiples. The amplitudes ofPPŚ + PSṔ are smaller on the u x and u z components than on u r and u t due to interference. The amplitude for the separatedPPŚ becomes larger over a wide range of p, but that forPSṔ larger only at large p, since the transmitted P-wave from the water into the solid is large for all p less than the critical value (0.5 s km −1 ), but the transmitted SVwave is large only for p close to the critical value. On the separated wavefields, strong wide-angle reflections for both P-and SV-waves and their multiples can be seen at p beyond the critical value (0.36 s km −1 ) of the reflector.
The first arrivals on u r and u t are the direct arrivals in the water layer. It should be noted that these direct arrivals can not be separated by this scheme because eq. (4) is derived for upgoing incident waves as shown in Fig. 1 .
C O N C L U S I O N S
We have presented the separation of whole P-and SV-wavefields, and extraction of incident P-and SV-waves from multi-component seismic data in the τ − p domain for an elastic and isotropic medium. The parameters used in the separation are local seismic wave velocities and the density at the receiver location. In frequencywavenumber domain methods, these parameters are assumed to be constant or very weakly heterogeneous in the radial direction. However, this restriction is not necessary for the τ − p domain method since only the local parameters just below the receivers are used. It may be possible to apply it to seismic data recorded from areas that exhibit lateral heterogeneity.
The scheme separates both near-offset and wide-angle reflections, which could be important in multi-component OBC observation. Mode-converted shear waves at the seabed are recorded mainly as wide-angle reflections. Separation of the mode-converted SV-wavefields from wide-angle reflections is important in estimating subsurface shear properties. In areas covered with basalt flows, wide-angle reflections can be used to improve imaging of basalt flows and underlying structures (e.g. Fliedner et al. 1999) .
Numerical tests with synthetic multi-component seismic data at the free surface and the ocean bottom for plane-layered models show that successful separation can be made in various situations including the overlapping of different arrivals and the interference of simultaneous arrivals. It is necessary to test the scheme further using real observation data.
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